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Abstract: The problem of estimating the log-spectrum of a stationary Gaussian
time series by Bayesianly induced shrinkage of empirical wavelet coefficients is
studied. A model in the wavelet domain that accounts for distributional properties

of the log-periodogram at levels of fine detail and approximate normality at coarse
levels in the wavelet decomposition, is proposed. The smoothing procedure, called
BAMS-LP (Bayesian Adaptive Multiscale Shrinker of Log-Periodogram), ensures
that the reconstructed log-spectrum is as noise-free as possible. Itis also shown that
the resulting Bayes estimators are asymptotically optimal (in the frequentist sense).

Comparisons with non-wavelet and wavelet-non-Bayesian methods are discussed.
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1 Introduction

Any statistical inference in time series can be conducted in time and frequency domains. The
methods are complementary and provide different insights. Spectral analysis, and in particular,
estimation of spectral density is an indispensable tool for exploring the frequency behavior of a
time series.

Wavelet shrinkage methods have successfully been applied to the spectral density esti-
mation in work of Lumeatet al. (1993), Moulin (1992, 1994), Gao (1992, 1993a,b) from the
classical view-point. In this paper we propose a novel wavelet-shrinkage method, based on
intrinsic shrinkage property of Bayes rules. The proposed shrinkage rules resulting from hier-
archical Bayes statistical models are both realistic, i.e., describe data accurately, and capable of
incorporating the available prior information on smoothness of functions represented by their
wavelet coefficients.

Let{X;,t € Z} be a areal, weakly stationary time series with zero mean and autocovari-
ance functiony(h) = EX(t + h) X (t). An absolutely summable complex-valued functigr)
defined on integers is the autocovariance functioiX pif and only if the function

Y (R)e (1.1)
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is non-negative for allv € [—m, 7]. The functionf (w) is called the spectral density associated
with covariance function(h). Thus, the spectral density of a stationary process is a symmetric
and non-negative function. Given the spectral density, the autocovariance function can uniquely
be recovered via inverse Fourier transformation,

v(h) = [ fw)e™dw, h=0+1,42,....

In particular, the variance of, is equal toy(0) = ["_ f(w)dw.
An important class of stationary processes consists of autoregressive-moving average
ARMA (p, q) processes defined via

¢(B)X, = 0(B)Z;, {Z} ~WN(0,0°), (1.2)

where B is the backshift operator, WN, o2) is the white noise with variance?, the poly-
nomialsg(z) = 1 — ¢12 — -+ — ¢p2P andb(z) = 1 + 6,2 + --- + 6,27 have no common
zeroes, and(z) has no zeroes on the unit circle. The spectral densify,af (1.2) is a rational
trigonometric function,
0,2 ye(e—iw)P
fx(w) = 27 (e )2 TSWw<ST. (1.3)

Estimation of spectral density from the observed data is an important statistical task in a
variety of applied fields in which the information about frequency behavior of the phenomena
is essential. Spectral density cam be estimated in the time domain by fitting the polynomials
¢(z) andf(z) in the representation (1.3), or directly in the frequency domain. It turns out that
latter approach is generally superior.

A traditional statistic used as an estimator of the spectral density fsiti@dogram.The

periodograny (w), based on a sampl&,, ..., Xr_; is defined as
= 2
) — 77225(.07‘
I(w) = 5= ;Xte (1.4)
wherew; is the Fourier frequency; = 22, j = [-T/2] +1,...,-1,0,1,...,[T/2]. By

a discrete version of the sampling theorem it holds that) is uniquely determined for all
w € [—m, 7], given its values at Fourier frequencies. Because of symmetfyu.of we will

focus only on non-negative Fourier frequencies= %, j=0,1,...,[T/2].
For any set of Fourier frequencies, ws, . .. ,w, suchthad < w; < -+ <w, <7, I(w;)

are asymptotically independent exponential random variables with nfgansand variances
(f(w;))?, wheref is the spectral density. Consequently the periodogram is not a consistent
estimator off (w), and citing Wahba (1980), “it will be hopelessly wiggly even whéw) is a
smooth function” and” — oc.



Smoothing the periodogram will not only help in visually extracting significant frequen-
cies, but smoothed periodograms can also be consistent estimaforfaof a standard theory
see Brockwell and Davis (1991). There are three approaches in achieving the consistency in the
spectral density estimators: (i) smoothing the periodogram directly via a weighted local average,
(i) smoothing the log-periodogram via traditional regression techniques, and (iii) maximizing
Whittle’s likelihood (or penalized likelihood) of the periodogram (Chow and Grenander, 1985;
Pawitan and O’Sullivan,1994). The literature on the smoothing techniques in spectral density
estimation is quite rich, see for example Brillinger (1981), Koopmans (1995), Percival and
Walden (1993), Priestley (1981), Shumway and Stoffer (2000), and the numerous references
therein.

In this paper we focus on the smoothing of log-periodogram. Early reference on utiliz-
ing splines and Fourier decomposition of log-periodogram are Cogburn and Davis (1974) and
Wahba (1980). Fan and Kreutzberger (1998) investigate likelihood-based spectral density and
log-spectral density operators.

The idea of using wavelets in smoothing log-periodograms was announced in Donoho
(1993) and fully developed by Hong-Ye Gao in his Berkeley PhD Thesis (Gao, 1993a) and
papers (Gao, 1993b; 1993c). Moulin (1994) applies saddle point estimation to tail probabilities
of distributions of wavelet coefficients to exhibit thresholds for a log-periodogram.

Bayesian approaches to spectral time series analysis include Choudhuri, Ghosal, and Roy
(2003), Gangopadhyay, Mallick and Denison (1998), and Huerta and West (1999), among oth-
ers.

2 Bayesian Model

It is now standard practice in wavelet shrinkage to specify a location model on the wavelet
coefficients, elicit the prior on their locations (the signal part in wavelet coefficients) and other
unknown parameters, exhibit the Bayes estimator for the locations and, if the resulting Bayes
rules are shrinkage estimators, apply the inverse wavelet transformation to the estimators. This
is the core of Bayesian wavelet shrinkage.

It is certainly desirable for selected models to well-describe our empirical observations
and perform well in terms of mean square error, for the majority of signals and images. At
the same time, usually high dimensions of wavelet descriptions, the calculation complexity of
shrinkage rules should remain low. Our experience (Vidakovic and Ruggeri, 2001) is that ad-
vanced but complicated models, for which the rules are obtained by, say, extensive MCMC
simulations, or genetic algorithms, etc., are seldom accepted by practitioners, despite their re-
portedly good performance.

We believe that two desirable goatmplicity and realityof a model, can be achieved
simultaneously by statistical modeling in the wavelet domain.

As a consequence of decorrelating property of wavelet transformations, simple “indepen-
dence” models that model each coefficient separately are justified. We adopt a paradigmatic



location model in which the empirical wavelet coefficients of (shifted) log-periodogfaare
modeled via a density (likelihood)(d — 6) whered is the wavelet counterpart of the log-
spectrum. The same model can be used with slight scale modifications implied by the prior on
0, for all detail coefficients.

We discuss the model building in stages: the likelihood, the prior, the calculation of the
Bayes rule and selection of the hyperparameters. We call the resulting shrinkage algorithm
BAMS-LP (short for Bayesian Adaptive Multiscale Shrinker of Log-Periodogram).

2.1 Likelihood

Under mild conditions (Brillinger, 1981; Theorem 5.2.6) it holds
iid

Hw)%%ﬂmﬁ, (2.1)

whereufg means “approximately iid”, for the “inner” non-zero Fourier frequencigs For

w = 0 and extreme Fourier frequencies when the sampleBigeeven, the right-hand side of
(2.1) becomeg (w)x?. We will ignore this difference since its effect is negligible fBrlarge.

We also assume that iid in (2.1) is exact, which is true for only circulant time series (Harvey,
1989). By taking the logarithm in (2.1) we obtain a regression formulation (called Wahba's
formulation)

zp = In f(ng) + €y, (2.2)

wherez, = In I(w;) + v and~ is the Euler-gamma constant £ 0.577126).
The exact distribution of the log-periodogram can be found in Wittwer (1986).
The following lemma describes the distribution of the error terim (2.2).

Lemma 2.1. The random variables;, [ = 0,--- ;T — 1, are approximately independent,
identically distributed with the density
px) = 7 exp(x —v"e’), (2.3)

wherey* = ¢ = 0.546146. Also, Es; = 0 and Vars; = ¢ = 72/6,1 = 0,--- ,T — 1.
Skewness afis 11 = —2((3)/(%)/? ~ —1.14, where( is Reimann’s zeta function.

Proof. Easy, as; — v < In (13).

In the wavelet domain (2.2) becomes

4" =0 +6, (2.4)
where
& = Wz 52(20721,"',ZT—1);
0 = Wg; g:(lnf(wo)vlnf(wl)f"alnf(WT—l))§
0" = Weg e=(eo,€1, +,61-1);
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Levelj | \; Levelj | A;
J—1 10355 J—-5 |0.060
J—2 10179 J-6 |0.045
J—3 10127 J—-7 |0.025
J—4 10092 <J-8| =0

Table 1: The weights; in the likelihood approximation (2.5)

andWV is an orthogonal matrix of the discrete wavelet transform.

LetJ be suchtha2’ = T'. Then vectob* can be represented &s= (67, 95,07, -+ ,07_1)
whered; = (57,07 0%,;_,) Is the j-th sub-vector associated with the multiresolution

_ 3,00 95,10 "7 75 P27 —1 ) . : )
analysis. Here; = 0 denotes the smooth part corresponding to the scaling function while
j = J — 1 is the finest resolution level. Similarlyl" = (d§,d;, d;, - ,d7_;) andg* =

(68768761(7 T 7Q;71)'

Exact distribution for vectof* can be found since the transformation matfixcan be written

in an explicit form. By the central limit theorem (for conditions on wavelet bases for CLT to
hold, see Moullin, 1994) it follows that the density function of a comporé¢ptcan be well
approximated by a mixture

Glz) = (1 =X)n(@)+ A=), (2.5)
whereu(x) is defined in (2.3)y(z) is the normal pdf
n(z) = (ov2r) Lexp (—2?/20%) . (2.6)

ando? = 72/6. Here, \;’s are non-zero at fine resolution levels, and equal to zero at coarse
resolution levels, namely,; = 0 if j < J,. In theory, we need — J, — oo, however, in
practice, the central limit theorem can be applied for all except a few finest resolution levels.

Figure 2.1 shows three densities and the histogram. The log-chisgtarand normal
n(z) densities are depicted in dotted and dashed lines and their migtuye(solid line) is
obtained from (2.5) with weighk = 0.355, see Table 2.1. The histogram shows the empirical
distribution of wavelet coefficients at the first level of detail. Wavelet is Coiflet 3 (18 tap filter),
and the histogram is based ?¥t observations{ = 2'%). Note quite satisfactory approximation
of the histogram by the mixture.

The Table 2.1 provides weights for the highest resolution levels. The table is obtained
by matching skewness of the likelihood mixture (2.5) and the empirical distributiod$. of
Wavelet used was Coiflet 3, but the weights are quite robust for other standard bases such as
Symmlets and Daubechies’.
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Figure 1: The log-chisquarg(z) and normaly(x) densities (dotted and dashed lines) and
their mixture((x) (solid line) obtained with weight = 0.355 . The bar plot is the empirical
distribution of wavelet coefficients at the first level of detalil.

2.2 Prior Selection

Since wavelet representations of regular and piecewise-regular functions contain only a few
non-negligible coefficients in their expansions, we place the standardly used Bditier-M
prior on the discrete wavelet coefficiefjt:

0%, ~ m; 8(0) + (1 — 7;) 7;&(752), (2.7)

J
where0 < m; < 1, §(0) is a point mass at zero, and the “spread” denéfty) is symmetric
and unimodal. We also assume that wavelet coefficigptare apriori independent. The factor
m; is the prior probability that a coefficienit, at level; is zero. In what follows, however, we
shall impose all conditions on the prior odds ratio:

B;

T

(2.8)

:1—71']"

2.3 Bayes Rule and BAMS-LP Estimator

Our objective is to estimate the location parameter in our model, i.e., the log-spectral density
g(w) = In f(w). Denote the wavelet coefficients @by 6;;, so thaty can be reconstructed as

co 20711

g(x) = Vmlyp(mx) + ﬁz Z O (Ta) (2.9)

j=0 k=—27-1

with o, (z) = 2029 (22— k), 0y = 7 [° p(mz)g(z)dz andf, = /7 [7_ Yu(rz)g(z)de.
Herey(z) is the scaling function and(z) is the corresponding wavelet function. Recall hiat
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andd;;, are related a8;; ~ \/Tejk (see e.g. Vidakovic, 1999)). This rescaling is a consequence
of changing the domain of the transformed function, nanm&lapproximate® only when the
sampling interval is equal to 1. The relatienin 67, ~ \/Tejk could be replaced by equality
only when the wavelet basis is interpolating. The wavelet bases we used in our simulations,
symmlets and coiflets, are close to interpolating.
Denote

djp = d3 /T, v = VT (2.10)
Taking into account the relation betweéf and?;; and (2.5) — (2.10), we derive that the
posterior pdf of;;, givend,y, is of the form

P(O:4]dye) = VT GVT (dji — 08)) vi€(v;05n)
T R NT GWVT (g — )i (vix)da + BVT G(VTdyy)

where(;(x) is defined in (2.5). Choosing the posterior mean as an estimator we arrive at the
following estimator off,;:

; (1= M) L(djw) + NI (djin)

o 0 < J -1 2.11
- M) o(dj) + NI (djw) + B33/ G(VTdy) =)= 7 1

andf;, = 0 asj > .J. Here
I(d) = /mﬂ¢7m¢fu—xnwawwma¢:aL (2.12)
I5(d) = /wﬂVTMVTM—xﬁwﬂwﬂMQi:QL (2.13)

with n(z) and u(z) given by (2.3) and (2.6), respectively. Shrinkage rule in (2.11) is shown
in Figure 2.3, for some exemplary selection of hyper-parameters. The vertical dotted lines are
plotted to emphasize the asymmetry of the rule

Hence, the BAMS-LP estimator gfis of the form
. J—1 27711 .
§(x) = Vrbop(rz) +Va Y > Opi(ma), (2.14)
Jj=0 k=-—2i-1

wheref, = dz/v/T.

In spite of having seemingly complex form, the estima@@sare easy to compute in
a number of cases. For example, if the prior gé{) is double exponential, the integrals
I;(d),i = 0,1, and [(d),i = 0,1, can be expressed in terms of normal cdf and incom-
plete gamma functions, respectively. In the case whighis a normal pdf, the values of
I;(d),i = 0,1, are well known (see e.g. Abramovigh al., 1998). It is somewhat harder
to find expressions for functions (d), i = 0, 1, however, their Fourier transforms can be writ-
ten explicitly in terms of gamma fungtions of complex argument. To summarize, in a number
of cases, one can calculate the vala;ﬂ,csefficiently without residing to numerical integration.
Our simulations in Section 4 have been done using double exponential dgngity
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Figure 2: Shrinkage rule in (2.11), BAMS-LP rule, for a selection of hyper-parameters. The

vertical dotted lines are plotted to emphasize the asymmetry of the rule.

3 Minimax Convergence Rates for BAMS-LP estimators

Itis well known that no function estimation performs well if the function to be estimated belongs
to an unrestricted functional space. Standard restrictions require the target function to belong to
one of the range of smoothness spaces for which the wavelets are unconditional bases.

In order to assess the error of BAMS-LP estimatave assume that belongs to a ball
H"(A) in the Sobolev spacH”, r > 1/2. Wavelets are unconditional bases féf, that is

0o 20711
gEH(A) <= 03+> > 03(1+2Y) <A r>1/2 (3.15)
§=0 k=—2i-1
For any possible estimatgrof ¢ based orf” observations we define the mean integrated square
error (MISE) over the sef as

R(T7 '7:) = Sup E“§ - g”%ﬁ[—ﬂ,ﬂ' (316)
geF

We establish convergence rates ffT', H"(A)) asT — oo and show thak(T', H"(A)) could
deviate from the optimal rat@ (T‘zv%) by just a logarithmic factor.

Although, to the best of our knowledge, no lower boundsR@T’, H"(A)) are available
in the case of estimation of log-spectral density, the rat@ éT‘Qfﬁ) represents a landmark.

Donoho and Johnstone (1998) showed that when the effprare independent and normally
distributed,T” = n andg belongs to a balB;  (A) in the Besov spacé; [0, 1], then

i%f R(n, B, (A)) =0 <n7%> (n — o0) (3.17)
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provideds > max(0,1/p — 1/2) andp,q > 1. SinceH" = Bj,, (3.17) implies that
inf R(T, H'(A)) = O <T‘T> (T — o0). (3.18)
g

Since, by (2.5), for majority of resolution levels € /), the errorsy;, are close to normal, we
can expect to achieve convergence rate close to (3.18)-asocc for some choices of(-) in
(2.7).

3.1 Asymptotic Results

Let the multiresolution analysis generating the scaling functi@r and a corresponding wavelet
function«(x) be s-regular withs > r. Assume that the spread density comporggn} in the

prior (2.7) is three times differentiable at least in a piecewise sense, has a finite fourth moment
and satisfies the conditions

[EB(@)/e(@)] < Cea(l+ [ k=1,2,3,A>0,  (3.19)
| exp (—T2°/20%) [é(vjz)| < Cep if v; [NT — 0. (3.20)

Let also the integral$;(d) defined in (2.12) be such that

1I(d)/Io(d) —d] = O(|djv3/n) if v;/VT — 0, v;|d| — o, (3.21)
Id) ~ vEv;h), if v;/VT — 0, v;|d| — . (3.22)
1L(d)/Io(d)] = O(|d|T/v?) if v;/VT — oc. (3.23)
We denote
jo=(2r +1)"log, T (3.24)

and assume that parametefs/; and.J, are such that

v o= 020 (3.25)
2% > T/2r (3.26)
2 (Ui /e if < (3.27)

Remark 1. Assumptions about; can be translated into the ones grusing relation
(2.10), namelys? = Cy2@+0iT1,

Remark 2. Condition of the existence of the fourth moment is purely technical and is
used for derivation of asymptotic expansions of the integh&l8, : = 0, 1. This condition can
be dropped and replaced by assumptions (A.1)—(A.4) and (A.6)— (A.7) about integraland
I:(d),j = 0,1,



Remark 3. Condition (3.26) is quite realistic and agree with the central limit theorem.
Note that we have an infinite numbér— J, = (2r)~!'(2r — 1) log, T' resolution levels till
the central limit theorem takes place. In practice the normality assumption can be verified via
level-by-level testing.

Theorem 1.Let assumptions (3.19)—(3.22) and (3.25) — (3.27) be valid. Then

R(T,H'(A)) = O (Tm% [hmﬁ) T = oo, (3.28)
If, moreover, condition (3.23) holds, then

R(T,H"(A)) = O (T‘T) T — oo (3.29)

Corollary 1. Let assumptions (3.25) — (3.27) be valid. {[fr) is a normal pdf, then
R(T,H"(A)) is of the form (3.28).

Corollary 2. Let assumptions (3.25) — (3.27) be valid¢ (f) is a double-exponential pdf
or a pdf of thet-distribution, thenR(T', H"(A)) is of the form (3.29).

Remark 4. Convergence rates in Theorem 1 differ from optimal rate (3.18) by a loga-
rithmic factor. It is not clear to the authors whether this is due to the nature of the problem or to
the deficiency of the proof.

4  Simulations and Comparisons

Implementation of the proposed Bayesian wavelet shrinkage can be described algorithmically.
Here is description of BAMS-LP algorithm.

1. Calculate the log-periodogram of time series at for non-negative Fourier frequencies. To
avoid boundary effects, the log-periodogram sequence is extended over the boundaries in
the mirror-like fashion. The length of the extended sequence should be power of 2.

2. Transform the data in the wavelet domain. Apply Bayes shrinkage rule (2.11) on all detall
coefficients.

3. Transform back the data and take the subsequence corresponding to the unextended log
periodogram from the step. To obtain an estimator of the log-spectral density add the
Euler constany.

We demonstrate the BAMS-LP on the Sunspot data set. We also briefly review wavelet-
based estimator of log-spectral density, GAO, proposed by Gao (1993b), since the developed
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Bayesian wavelet shrinkage provides a rationale for its improvements. Finally, we compare the
performance of BAMS-LP to the best modification of GAO algorithm and discuss an automatic
selection of hyperparameters in the model. The comparison is done on standardly used ARMA
template time seriesX; = 7, — 0.37;,_1 —0.6Z; o —0.3Z;_3+0.6Z;_4,andX; = 0.9X; 4+

0.8X;_s —0.63X;_12 + Z;. (Wahba, 1980; Gao, 1993b, Moulin, 1994, among others). The row
log-periodograms and the theoretical spectral densities (superimposed in white) for these two
test examples are given in Figure 4(a, b).

N B O

W“‘
vi
4

o

log periodogram
log periodogram

|

() (b)

Figure 3: Log-periodogram and theoretical log spectral density of (a) MA(4) process
Zt —O.3Zt_1 —O.GZt_Q —O.3Zt_3+0.6Zt_4, and (b) AR(lZ) pFOCGSXt - 0'9Xt—4+0'8Xt—8 -
0.63X;_12 + Z;.

4.1 Sunspot Data Analysis

A real-life application of spectral and log-spectral estimation involves the processing of Wolf’s
data set. Although in this situation the statistician does not know the “true” signal, the theory
developed by solar scientist helps to evaluate performance of the algorithm.

The Sun’s activity peaks every 11 years, creating storms on the surface of our star that
disrupt the Earth’s magnetic field. These “solar hurricanes” can cause severe problems for
electricity transmission systems. An example of influence of such periodic activity to everyday
life is 1989 power blackout in the American northeast.

Efforts to monitor the amount and variation of the Sun’s activity by counting spots on it
have a long and rich history. Relatively complete visual estimates of daily activity date back
to 1818, monthly averages can be extrapolated back to 1749, and estimates of annual values
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can be similarly determined back to 1700. Although Galileo made observations of sunspot
numbers in the early 17th century, the modern era of sunspot counting began in the mid-1800s
with the research of Bern Observatory director Rudolph Wolf, who introduced what he called
the Universal Sunspot Numbers an estimate of the solar activity. The square root of Wolf's
yearly sunspot numbers are given in Figure 4.1(a), data from Tong (1996) p. 471. Because of
wavelet data processing we selected a sample of size a power of two, i.e., only 256 observations
from 1733 till 1998. The square root transformation was applied to symmetrize and de-trend
the Wolf’s counts. The panel (b) in Figure 4.1 shows the the BAMS-LP estimator.

17‘50 léOO 18‘50 15;00 19‘50 . .
(@) (b)
Figure 4: (a) Square roots of Wolf’s yearly sunspot numbers from 1732-1988 (256 observa-

tions); (b) BAMS-LP estimator of the log-spectra. The frequenty~ 0.58 corresponds to
Schwabe’s period of 10.8 (years).

The estimator reveals a peak at frequenty~ 0.58, corresponding to the Schwabe’s cycle
ranging from 9 to 11.5 (years), with an average’8f ~ 10.8 years. The Schwabe cycle is the
period between two subsequent maxima or minima the solar activity, although the solar physi-
cists often think in terms of a 22-year magnetic cycle since the sun’s magnetic poles reverse
direction every 11 years.

4.2 Gao’s Algorithm and Its Modifications

Motivated by the apparent asymmetry of the Bayes shrinkage rules (Figure 2.3), we propose
modifications to a Gao’s algorithm. For completeness, a brief overview of the original Gao’s
algorithm (GAO, Gao; 1993b) is provided.

The GAO algorithm for estimating the log-spectral density consists of three steps. The
steps 1 and 3 in GAO and BAMS-LP algorithm coincide. The step 2’ in which the shrinkage is
applied is as follows:
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2'. Apply the soft thresholding rulé*(z, \) = sign(z) (Jz| — A)4, with threshold; 7,
depending on the levgland sample siz&', as follows:

(a) If the shrinkage is applied to the resolution levels of fine deta#f / —1, J—2,...)
then the threshold

T
)\j,T = Q;y In 5 (430)

is selected. The typical values af, robust for commonly used wavelet bases, such as
Coiflets, Daubechies’, and Symmlets, are given in Table 4.2.

levelj | «a; | levelj | o
J—1]129| J—-6 | 0.54

J—21109 J—-7 |0.46
J—-31092| J-8 |0.39
J—4 1077 J-9 | 0.32
J—-51065|J—-10]| 0.27

Table 2: Values of multipliers for thresholding scales of fine detail in Gao’s Algorithm.

(b) If the resolution level is a coarse, that isj i J — 1, then use

T n? T

The threshold justification is based the distribution of the error as in (2.3) $iace- 0
andVar ¢, = 72/6 the threshold (4.31) is simply the universal threshold. The noise at fine
levels of detail has non-Gaussian character and the threshold in (4.30) is a result of an analysis
of such noise. Details can be found in Gao (1993b).

Motivated by the fact that hard-thresholding policy is superior to the soft in wavelet-
smoothing of log-spectral density and by the apparent asymmetry of the BAMS-LP rule (2.11)
two modifications of the original Gao’s algorithm are proposed.

We call GAOH the method that retains the threshold values from GAO algorithm but
utilizes hard-shrinkage policy, the rubé(z,\) = 1(|z| > \). An extensive simulational
study shows that GAOH consistently outperforms [in terms of overall MSE] the original GAO
algorithm for a variety of test spectral densities and sample sizes.

The asymmetry of the error distribution propagates through the several fine levels of
wavelet decomposition and the Bayes rule is asymmetric and shrinks more the negative val-
ues of the error, as it can be concluded from Figure 2.3

To further improve GAOH, we propose its asymmetric modification GAOA, in which, at
the fine level of detail, the negative threshaldexceeds in absolute value the positive threshold
A, i.e.,, =1 > A. Simulations show that appropriate asymmetrpjs= —(1 + p)A, with p
between 0 and 0.1. andfrom GAO. The shrinkage policy remains hard-thresholding.
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GAO-type Estimates

GAO-type Estimates (detail)

— GAOA
=+ GAOH ||
+ GAO

== theor

(@) (b)

Figure 5: (a) Log-spectral density of MA(4) process= 7, —0.37;, 1 —0.6Z;_5 —0.3Z; 3+
0.67;_4 estimated by different modifications of GAO algorithm (as in legend) and (b) the area
of detail.

Thus, 3 classical methods are compared, GAO, GAOH, and GAOA and Figure 4.2(a) de-
picts the estimators on Wahba’s MA(4) process. Figure 4.2(b) shows the area of detail demon-
strating better performance of GAOA algorithm wjth= 6%.

4.3 Comparisons

As an illustration of the developed algorithm apply the BAMS-LP on the MA(4) template pro-
cessX; =7; —0.37,_1—0.67,_5—0.37Z;_3+ 0.67Z;_,. Panel (a) in Figure 4.3 gives an area

of detail. The theoretical log-spectral density is plotted dotted line) and its reconstruction by
GAOA (dashed line) and BAMS-LP (solid line); panel (b) gives the mean square error for the
two methods for ten simulational runs; and panel (c) gives the qgqplot of the residuals{gf}

in the BAMS-LP model against the theoretical quantileg®#istribution, indicating excellent
distributional compliance of the residuals with theoretical errors. The sample siZe waxs*,

and the wavelet used was Coiflet 3.

We also compare the BAMS-LP to GAOA on several template spectral densities. For ex-
ample, the AR(12) process; = 0.9X;_4 + 0.8X; s — 0.63X,_15 + Z, results in a challenging
log-spectral density, with several, hard to fit, sharp peaks (Wahba, 1980). For the default selec-
tion of parameters, various simulations, and various sample sizes, the AMSE of BAMS-LP is
seldom worse than that of GAOA.
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Figure 6: (a) A detail of a single run of smoothing. (b) the AMSE of GAOA (dashed line) and
BAMS-LP (solid line). (c) The orderedll (w)/In(g(w)) plot against the theoreticgf quantiles
(the QQ-plot of residuals of the Bayes estimator agaigsjuantiles. )

Choudhuri, Ghosal, and Roy (2003) provide a table of performance of 4 competing rules
discussed in their paper. Although all shrinkage methods in their comparison are concerning
the smoothing of the periodogram, and BAMS-LP is not designed to estimate the periodigram
directly, the exponential of BAMS-LP performs comparable to the investigated methods.

4.4 Selection of Hyperparameters

Selection of hyperparameters is critical for the applicability of BAMS-LP for finite samples.
The selection should be automatic, and although a fine tuning can better the performance, such
automatic selection should perform well for most of log-spectral densities and for all practicable
sample sizes.

The implemented selection of hyperparametgrs, andv, for which all the simulations
have been done, is described below.

The hyperparametes; is an odds ratio of a coefficient from levglbeing a priori O,
i.e.,5; =m;/(1 —m;). Our proposal ig}; = 0.1 4+ 0.85/(n — 1), wherej is the level anch — 1
is the index of the finest level. Thus when going from fine to coarse levels of detailsjpoth
andr; decrease. This reflects the fact that more coefficients are a priori zero at fine than at the
coarse levels and contributes to the smooth appearance of the estimator.

Likelihood-mixing coefficients\;, had been previously discussed and are provided in
Table 2.1.

The hyperparameter; is proportional to the scale factoy in the spread part of the prior
(2.7) ,7;¢(;6). We suggested an automatic choicevas= (1 — A;)(j + 2). When going from
fine to coarse levels;; will decrease almost g5 making the prior more spread at coarse levels,
thus allowing for prior modeling of big coefficients.

The proposal for the hyperparameters is in agreement to common sense of how such
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parameters should influence the model, but it does not blindly follow the large sample choices;
in the common-life analysis of log spectra, the number of levels in wavelet decomposition,
seldom exceeds 20.

5 Conclusions

In this paper a wavelet based smoothing of log periodogram is proposed. The shrinkage in
the wavelet domain is induced by an independence model that assumes mixture likelihood and
standard sparseness prior. The Bayes rules produces consistent estimator of the log spectral
density and the convergence rates are optimal if the prior is selected in appropriate way.
Motivated by the asymmetry of Bayes rules we propose a modification of Gao’s algorithm
and compare Bayesian shrinkage with the best version of Gao’s algorithm.
Matlab routines and scripts used in this paper for shrinkage and figures could be found at
http://www.isye.gatech.edu/ brani/wavelets.html . The programs could be
freely used and modified in the spirit of Donoho’s initiative for reproducible research.

Acknowledgments. Peter Miller gave useful suggestions at early stage of this project. Ed
George also commented on the results of this research when they have been communicated at
ISBA2003 meeting in Santa Cruz. We thank them both.

A. Appendix

Proofs
Proof of Theorem 1 is based on the following Lemmas.
Lemma 1. If |v;d| is bounded ow;|v;d|* /v/T — 0, then asv;/v/T — 0
In(d) = v€(v;d) [L+ O (T~} |yd[*)], (A1)

vio? & (v, v? v
L(d)/Io(d) = d— JT 65((1/73)) {1+0<%|yjd|2k)} :d—o(%mdP). (A.2)

If 'T'|d| is bounded off'|d|/v; — 0, then asV'T /v; — 0

b~ T (T8 [0 (TE)] )
I(d)/Io(d) ~ —%l _: ¢ (r)dx {1+O (%)} =0 (%) (A.4)
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Proof of Lemma 1. We shall give the proof for (A.1) and (A.2); the proofs of (A.3) and
(A.4) are conducted in a similar manner. Change variaplesv/T(d — ) in (2.12) and use
Taylor series expansion:

) = 2 <d— Y ) xp(=y/207) (duj —yi) dy

VT - VT oV 2T VT
L e " exp(—y?/202) ) — oy
- [T (a- ) SR ) -y ) a)

2 3
2Vj 7 3 Vj "

Integrating in (A.5) withi = 0 andi = 1, we obtain (A.1) and (A.2).

Lemma 2. If v/T|d| is bounded or;'v/Texp(vTd) — 0 whenT — oo, then as
T/vi—0

L(d) ~ VTu(VTd) {1 1) (12 [1 + eQﬁd]) } , (A.6)

Vi

Vi

—0o0

Iy (d) ~ —uj_2\/T [1 — " exp(ﬁd)} /00 22¢(x)dx [1 +0 (T <1 +2€2ﬁd> ) :|A.7)

Proof of Lemma 2 is similar to the proof of Lemma 1. Just note thétr) = p(z)(1 —
vrer).

Lemma 3. Let the pdf ofi;;, givend,,, be of the formy/T¢;(v/T(d;x — ;1)) where¢;(-)
is defined in (2.5). Then for any positiveandb asT — oo

E(dy —0)" = O(T7), i=1,2, (A.8)
P(VT|dy, — ;] > aVInT) = o(T—a2/<202>), i< Jo, (A.9)
P(|dj, — 0jx| > alnT) = XNO(T7%) 4+ (1= X))o (T7), (A.10)
P(VT(dy, — 03) > alnT) = o(T™"), (A.11)

Proof of Lemma 3. Validity of Lemma 3 follow directly from the fact that (compare
with (2.5))

VT(djy, — 051,) ~ (1 — X)) (V2r0) Lexp {—22/(20%)} + \; plx). (A.12)
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Lemma 4. If {(x) is an even unimodal pdf, then

11,(d)/Io(d)| = O(|d|) if T — oo, (A.13)
1I:(d)/15(d)] = O(d]) if v;/VT — oo, VTd — . (A.14)

Proof of Lemma 4. Using the fact thaf,(d) is an even and, (d) is an odd function of
d, we shall conduct the proof of (A.13) far> 0.

Partition I, (d) into I1,(d), I12(d) and15(d) wherel,;,i = 1,2, 3, are the integrals cal-
culated over the intervals-d/2,3d/2), (—oo, —d/2) and (3d/2, ), respectively. It is easy
to see that/,(d)/Io(d)| = O(|d|). Let us show thafi,(d)/Io(d) = O(d) since the proof for
I3(d) can be conducted in a similar manner. Making a change of variabley — d/2 and
taking into account that, singgls symmetric unimodak(v;(y — d/2)) < &(v;y) fory < 0, we

derive that
0
[

_ (e < ) / S (v dy. (A.15)

27m

| 112(d)|

IN

207 v E(vy)dy
2mo

d‘ VT 164242
- = e

Here we took into account th@t(3d/2 — y)? — T'(d — y)? = 5Td*/4 — Tyd, and for negativey
ly — d/2 exp {Tyd/20*} = O(|d]) + O(|Td|™") = O(|d])
asV/T|d| — co. Formula (A.15) impliesIs(d)/1y(d)| = O(|d|).

To prove (A.14), partition the integrdl(d) as I}, (d), I},(d) and I}5(d) wherel};, i =
1,2,3, the integrals are calculated over the interv@alsi, d), (—oo, —d) and(d, o), respec-
tively. It is easy to see that;, (d)/I;(d)| = O(|d]).

To derive an upper bound fof;,(d)/I;(d)|, observe that/(z)/u(z) = 1 — y*e* < —z

for z < —2. Therefore, changing variables= —(z + d) and taking into account thgt-) is
even and unimodal, we obtain

1I5,(d) /15 (d)| < /Ooo(z+d)u(ﬁ(z+24) (v(z + d) dz// VT (z+d))E(v;2)dz

< /Ooo(z—i-d),u(ﬁ(z—i—d))exp[ AVT(z + d)VT) E(v;2 dz// VT(z+d) &(v;
= 0([dT) " +d)=0(d).
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Finally, in the case of;;(d), change variables = d — x:

0

) = [ enVTRewd - 2)iz—d [ p(WIEw - )iz (A6)

= [z (d) — dIi5,(d),

where < I75,(d) < I(d). To derive an upper bound fdf,, (d), note that ™" < u(z)/(v*e?) <
1 for z < 0, so that we can replaggx) by v*¢” in the expression for the integral. Then, using
integration by parts we arrive at

0 < [ e e = (VD) [ (—otmld - ™

= (WT)! / VT (vi(d — 2))dz — v;(VT) ™! / 2V € (v;(d — 2))dz(A17)

Taking into account that both integrals in (A.17) are positive, we obtain
0
[ et i < VIt [ el 2

which implies that 5., (d) /13 ()| = O (1/VT) = O (1d)).

Proof of Theorem 1. Since the wavelet basis is orthonormal,

J—1 2911 oo 27711
R(n, H"(A)) = E(fo— 60>+ > > Elm—0w)*+Y_ > 0 (A.18)
J=0 k=—2i—1 j=J k=—27-1

Observe that the first term in (A.18) (7 !) while the last term is bounded 2"/ A =
O(T*") due to (3.15), i.e. the main contribution ®{n, H"(A)) is made by the second term.
Using (2.11), we partitiond;, — 0;;) as

(éjk —0ik) = Avjr — Doji, + Agji,

where

A = ( )[ (ij) Jk[()(ejk)] + A [I*(9 ) ijl*(e k)]
’ ( )IO( Jk‘) + A ]*( Jk) + ﬁj\/_cj(\/_djk‘) ’

0 BiVT [(1 = A)n(VT0;) + A\ju(vVTOj)

T vy R A A
A (1= A I (dy) + A I3 (d)
’ ( )IO(dJk) + A I*( Jk) + 53\/_@(\/_%/&)

(1 Aj )[1(9Jk) + A I*(ij)
(1= M) o(050) + NLg (05) + BVT G(VTO5,)
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Therefore,

J—1 29711
R= E(f, — 0)* < 3(R1 + Ry + Ry) (A.19)
J=0 k=-—27-1
with
J—1 29-1-1 J—1 29-1-1 J—1 27-1-1
=2 2 Al Be=D D Al Re=3 ) BAL
=0 k=—27—-1 7=0 k=—27-1 7=0 k=—27-1

Let us examine each of the terms in turn.

Note thatR, = R;; + R12 + Ri3 Where

jo 29711 Jo 21—1_1 J—1 29711
_ § : § : 2 _ 2 o
Ry = Aljkn Ry = E E Aljk? Ris = E E Aljk
7=0 k=—27-1 Jj=Jjo+1k=—27-1 j=Jo+1 k=—-2i-1

To establish an asymptotic upper bound faf observe that,; = 0 as;j < j, and
|Avje| < [L(05k)/Lo(O5r) — O] = O (v;/T) + O (v;105] /T) (A.20)

by combination of Lemma 1 (with;|6,,| bounded) and assumption (3.21). Since the sum over
k contains2’ terms, (3.15), (3.25) and (A.20) yield

50 2jy2 o 4 P A 2r
Ry = O(Z T2)+O Y gm 2 GA(1+2) | =0 (175 A2l

Jj=0 J=0 k=—2i-1

To obtain the rate of convergence fBf, note that\; = 0 asj, < j < Jy , and by Lemma 4
and the inequalityAy ;| < [11(6;1)/10(051)| + |61, we derive

Jo 29711
Ry = O Y Y 6| =02/, (A.22)
Jj=jo+1 k=—2i-1

For the third terrang, note thaﬂAUk‘ < |[1< jk)/IO( jk)‘ + |I*< jk)/[*( ]k>’ + 2|0gk| Con-
ditions (3.26) and (3.15) imply tha,t/_\ejk\ < A and, since the sum ovércontains2’ terms,
by Lemmas 1 and 4,

_ 2i—1_1 6)2
Ry = O Z > lefk +§]

j=Jo+1 k=—2i-1 J J

J—1 j J—1 27711
= O(Z 2yT>+O oY e =0T/t (A28)

j=Jo+1 J j=Jo+1 k=-27—1
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Combination of (A.21), (A.22) and (A.23) lead fo, = O (T~ >/Cr+1) .

To derive an asymptotic expression f@y, partition R, into R,; and Ry, according to the
values ofj: j < jpandj, < j < J — 1. Then, since\; = 0 as;j < jy, by assumptions (3.20)
and (3.22),

| Agji]

Bil0l VT n(VTOn)  Bl0slVT n(VTOu) _ ) ( Bil0jsl VT
- Io(05) vi  &Wwib) 2 ’

J

wherern(z) is the normal pdf (2.6), so that formula (3.27) implies that

227”]V
j 0 J k—_?] 1

Jo BQT 29—1_1 '
Ry = O[> L= > 6501+2%) | =0(T>/0Cr). (A.24)

Forj > jo, we can use the fact thah,,,| < |6;x|, hence

(Z Z 02 ) O (T>/Crh)y (A.25)

Jj=jo+1 k=—27-1

Therefore,R, = O (T-/Cr+1) |
Now, let us examine the variance tef®g. Similarly to R;;, R1» andR;3, let R3;, R3, and
R33 represent the portions @t; with j < jo, jo < j < JopandJy < j < J — 1, respectively.
Letj < jo. Note that\; = 0 and|As;x| < |Aujk| + |Asjx| where

|Agiel = |1(djr)/To(dje) — Li(O5x)/ LTo(Osr)] (A.26)
| Ldg) | VT a(VT6y) L(03) | VT n(vVTdy)
ol =5y Io(djr) | vi&(vb;r) 0 Io(O) | vi€(vids)

wheref(-) is defined in (2.7) ang(-) is the normal pdf (2.6). ¢ From Lemma 1 and condition
(3.21) it follows that

Ayl < |L(dj)/To(djr) — djr| + [1(051) / To(Osx) — Ojr] + |djr — O]
- 0 (%) +0 (#) +0 <w> +O(|djk — Ox)),

and, sincet(d;, — 6;,)*> = O(T~") andv} /T < 1

jo 2971-1 jo  2971-1 ngy4
Ra = 3 Y Ea=0 (3 Y[R ]

=0 k=—2i—1 j=0 k=—2i-1

- 0 (T—QT/(2T+1)) ) (A.27)
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For A5, by assumptions (3.20)—(3.22),

ol = 0B [+ 7]) w0 (2T o+ 7))

J J

T .
O <5]\/_ [ij-’ + |dji — 51| + %})

J

and, by (3.27),

jo 29- 2
Ryip = (Z Z ‘ { 9§k+%}) =0 (T7>/Crty - (A.28)
7=0 k=—2i—-1

so thatRs, = O (T~2/Cr+h),

To construct an asymptotic upper bound fi3s note that forj, < j < J, we have\; =0
and

| Asji| < [Li(djr) /To(djw)| + [11(05x) /Lo (0j1.)]- (A.29)

If (3.23) is valid, then, combining Lemma 1 and (3.23), we defivéd) /Iy (d)| = O(VT /v3)+
O(|d|T/v?). Hence,

_ 2i—1_1
R3 = (Z Z EA%jk)

Jj=jo+1 k=—27-1

g - 62,17 2
- (Z 3 {T Bd LS ) o +§]) :O(T*TH>(A.3O)

Jj=jo+1 k=-27-1 J J

If (3.23) does not hold, then in order to analyZg divide it into two portions:

Jo 29-1-1

Ry = Z Z EA \/_|93k|—’00)

Jj=jo+1 k=—2i-1
Jo 2i—-1_1

R322 - Z Z EA%MI(\/TWJ;C\ SM),

j=jo+1 k=—24-1

wherevT0;,] < M means that/T)|6,,| are bounded by some constavit First consider
Rsz1. Note that ifv/T)|d;,| are bounded, then by Lemma [Ty (d;i)/To(di)| = O(v; *VT).
Similarly, if v/T)|d;.| — oo, then|Iy(d;)/1o(d;.)| = O(|d;|) by Lemma 4, and by the same
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argumentl; (0;,)/1o(0;x)| = O(|0;x]). Then, using inequality (A.29), we obtain

Jo 211 -
T
Ry = 0(2 > Edjy + — + 0, I(\/T|ij|—>oo))
J

j=jo+1 k=—2i-1 *

- O(ZO S | Bl — 0021V T — 00) + Z+9§k]> (A31)

j=jo+1 k=—2i-1 "

= O (T7/Crh) (A.32)

sinceO(T~1) = O(T'T6%,/IT63%]) = O(62,) asv/T|6;;| — oc.
Represenfisy, = Razor + R3z00 With

Jo 21—11

R3oo1 = Z Z E[ sie (| dje — jk|\/T>a\/1nT)} I(VT|0;] < M),
J=Jjo+1k=—27—-1
Jo 29711

Ray = Z Z [A?’Uk (Idjk — jk‘ﬁﬁa\/ﬁ)} I(VT|05] < M),

Jj=jo+1 k=-27-1

wherea? > 80%r/(2r + 1). Then, using (A.8), (A.9) and (A.29) similarly to (A.32), we arrive
at

Jo 29711
T
Rz = O ( Z Z \/E(djk:—ij)4\/P(|djk_9jk|ﬁ> aVlnT)+9?k+ﬁ])

Jj=jot+1 k=—27-1 * J
L T .
-ol Y Y |rea +9§,€+ﬁ] ZO(T—ﬁ> (A.33)
j=jo+1 k=—29-1 - J

since2”o < T.
To derive an asymptotic upper bound 8,22, Note that sincwmﬁ is bounded, for
somelM, > 0 and largel’ we have

I(VT 03] < M) I(|dg = 05VT < avInT) < I(VT 03] < M) I(VT|djy| < 2av/InT) <
I(VT)0;| < M) [1 (VT|dy,| < 2av/InT)I (V—f\/ﬁ%o)+l(#ﬁ ng)]

< I(VT10u < M) [1(3Z (VTIdal) = 0) + 1 (4 < M)
Note that (A.29), Lemma 1 and7v; ! (\/T]djk\) — 0 imply that
EAZ, =0 (Ty;4(ﬁydjk|)2 + ej.k) = O (Tv;* +62,)
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since E(T'd3,) < 2T [E(dj, — 0;1)* +6%] = O(1). Therefore, the portion ofs,,, corre-
sponding to the fist term in (A.34) ig"—>"/r+1)). By (A.13) and (A.29) EA3;, = O(E|d;, —
0,:)> + 63,), so the second term in the portion is

27—1_1

o) }: S [Tt [ OGW%amma%ﬂ ::O(Tﬁ%umTpﬁﬁ.

Jj=Jjo+1 k=—2i—1
Consequently,

R399 = O (T_%;l(ln n)TlJrl) , (A.34)

and formulas (A.32), (A.33) and (A.34) imply th&s, = O (T’zr%(ln T)ﬁ)
To derive an asymptotic upper bound #s; note that forJ, + 1 < j < J — 1 we have

|Agir] < |Aejn] + | Arjrl, (A.35)
with

Li(0;x) I (djy) I (0)
Ar| — ik) | 4 k)| |2k )
[ B Lo(0jr) | [ o(diw)| [ 15(Osx)

I (d;r)
il = |
ok Io(djk)

Note that forj > Jy, 767, = O(27%"T) = O(27*"T), i.e. T3, are bounded. PartitioRs;
asRs; < 2(R331 4+ Rs3p + R333) with

J-1 21711

R33 = Z Z ENE I(|djy, — 0,6|VT > 2InT),
j=Jo+1 k=-2i-1
J-1  2i71-1

Rgzo = Z Z ENZ, I(|dj —0;,|VT < 2InT),
j=Jo+1 k=-2i-1
_ 2i—1_1

R333 — Z Z EA%]C

j=Jo+1 k=-2i-1

Repeating (A.33) witluv/In 7" replaced with2 In 7" and using (A.10) instead of (A.9) we obtain
R = O(QJTflT—2r/(2r+1)) 19) <T72r/(2r+1))

Sincel(|dj. — 0 |VT <2InT) < I(VT|dj| <2InT + VT|0;|), and
T(VTdj,)? T In*T T In*T In*T
—(\/_zjk) :o( . )IO(%>:O(%>:O(1>’

% v; 22r+1)Jo Ti/2r
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we haveT'v;*(v/T|d;|)? — 0. Consequently, by Lemmas 1 and 2,

B, ( Z j_z‘l {T In? T Z;D :O(lTnf/iT1> = o(T™).

j=Jo+1 k=—2i—-1 J

Now let us examindisss. Note thatRss3 = R3331 + Rss32 Where

J—1 2111

Rsss1 = Z Z E [Aijkl (ﬁ(djk; —0jx) < (4r + 1)_11nT>] :
j=Jo+1 k=—2i-1
_ 2i—1_1

Rae = Z 3 [Agjkf (ﬁ(djk —0) > (4r +1)"'In T)] ,
j=Jo+1 k=—2i—1
Note that when/T (d;;, — 6;x) < (4r + 1)~ InT we havey'Tv; " exp(vTd;) = o(1), so that
Lemma 2 is applicable and; (d;x)/1;(d;x)| = O (\/Tuf[exp(ﬁdjk) + 1]) = O(v; '), so
that Rs331 = o (T-2/Crt).
To find an asymptotic upper bound ff¥s;., use (A.14), , repeat (A.33) witt/In 7" re-

placed with(4r + 1)~ In T and apply (A.11) instead of (A.9). HencR;s3, = o (T-2/Cr+1).
Combining all theR-terms together, we arrive at (3.28) or, when (3.23) is valid, at (3.29).

Proof of Corollary 1. It is easy to verify by direct calculations that in the case of the
normal distribution conditions (3.19)—(3.22) and (3.23) are valid. Hence, (3.29) is valid.

Proof of Corollary 2.  Validity of Corollary 2 follows from the fact thak = 0 and
conditions (3.21) and (3.22) hold due to Lemma 1.
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